Abstract
Introduction
In recent years both practitioners and academics from the financial community have become interested in extreme events analysis particularly concerning financial risk management. From a practical point of view, protecting the financial system and investor's wealth against unpredictable catastrophic events such as the October 1987 stock market crash, the 2000 Internet bubble burst or the 2007 subprime crisis, calls for reliable tools to measure extreme risks. Indeed, the ability to estimate extreme market movements can be particularly useful for detecting risky portfolios.
Usually, risk estimation studies concentrate on two measures that attempt to describe the tail of a loss distribution -Value at Risk (VaR) and Expected Shortfall (ES). Value at Risk has become the standard measure of risk employed by financial institutions and their regulators. This risk measure can be defined as a high quantile of the distribution of losses, typically the 95th or 99th percentile. It provides a kind of upper bound for a loss that is only exceeded on a small proportion of occasions. However, some authors, like Artzner et al. The suitability of VaR approaches in practice is questionable in light of considerable evidence of the non-normality of market returns. In fact, the exact distribution of financial returns remains unknown. Stylized facts about the distribution of financial returns generally concur that at monthly and longer horizons, return series appear to be normally distributed.
However, at weekly, daily and higher frequencies, return distributions consistently display non-normal features. Indeed, many authors like Agarwal et al. (2000) , Michell et al. (2000) and Liang (1999) recognize that the returns' distributions have a leptokurtic and asymmetric shape. Obviously, the use of a normal approximation of the marginal return distribution results in underestimated tails and disregards excess kurtosis and skewness displayed by the empirical marginal distributions of returns.
Extreme Value Theory (EVT) uses alternative distributions and focuses on the tail behavior of the asset returns. EVT methods have two features which make them attractive for tail estimation: they are based on a sound statistical theory, and they offer a parametric form for the tail of a distribution. Two main approaches are proposed in the literature to calibrate extreme value theory: the Block Maxima (BM) based on the Generalized Extreme Value (GEV) and the Peak Over Threshold (POT) based on the Generalized Pareto Distribution (GPD). Since the seminal work of Longin (1998) , the empirical applicability of EVT to estimate extreme risks of real market data has been tested by several authors. Neftci (2000) and Fromont (2005) demonstrate that the unconditional VaR from the POT method is more accurate than that from the normal distribution. Da Silva et al. (2003) In this study, we estimate Value at Risk and Expected Shortfall based on extreme value theory model and historical simulation approach and analyze their accuracy during the 2008 financial crisis. We take into account the volatility clustering and asymmetric return problems by introducing a GJR-GARCH model (Glosten, Jagannathan and Runkle, 1993) in the historical simulation and EVT methods. To our knowledge, implementation of the extreme value theory, (more particularly the generalized Pareto distribution) for VaR estimation has never been applied for more than a one day time horizon for measuring Value at Risk of financial assets, but there are several economic and practical reasons for computing long-term risk measures. The risk horizons longer than one day are particularly important for risk liquidity management, for long term strategic asset allocation and for capital requirements. The Basel Committee obliges banks to compute their risk over ten-day horizon.
To sum up, our paper contributes to the literature in three ways. First, we introduce GJR-GARCH in EVT model and Filtered Historical Simulation (FHS) approach to take into account volatility clustering and asymmetric returns. Second, we calculate VaR and ES over 5-day and 10-day horizons for risk liquidity management and Basel capital requirements.
Finally, we focus on the accuracy of our risk models during the 2008 financial crisis, capital requirement measures and the opportunity of banks to choose a reliable model. The remainder of this paper is organized as follows. In Section 2 we present our data sample and its descriptive statistics. We present generalized Pareto distribution parameter estimate in section 3. We also check the adequacy between the empirical and theoretical generalized Pareto distributions. Section 4 explains relevant back-testing procedures for testing the accuracy of VaR and ES estimates. In section 5, our empirical results from the Historical Simulation method and EVT model are presented. Finally, Section 6 concludes and gives some suggestions for future research.
Data sample and descriptive statistics
Our study focuses on logarithmic returns of the CAC 40, S&P 500 stock indexes and Wheat, Crude Oil commodity indexes, extracted from the Datastream database. The Wheat and Crude oil are taken from the Goldman Sachs Commodity Index (GSCI) of Standard and Poor. The study covers the period from January 1988 to December 2010 for all stock and commodity indexes. We have 6000 daily observations of logarithmic returns based on market closing price for each index. We calculate 5-day and 10-day returns by calculating the sum of daily returns. These returns are not overlapped. The choice of these indexes is motivated by their availability over a long period thus giving more extreme. Table 1 presents descriptive statistics for the analysis of the logarithmic returns of CAC 40, S&P 500, Wheat and Crude Oil. It gives an overview of the behavior of asset distributions for different time horizons. Excepting the Wheat, we observe that the skewness is negative for all time horizons, meaning that these stock and commodity indexes recorded returns lower than their average during the period which appears in the Gaussian model. Likewise, kurtosis is higher than 3 for the considered time horizons. We are thus confronted with a case of leptokurtic distributions, i.e. they have fat tails, in comparison with the normal distribution. These distributions do not follow normal distribution patterns confirmed by the Jarque-Bera test in Table 1 . At first glance, the study of the behavior of the extremes in the left tails of these leptokurtic distributions seems justified as it should allow better estimation of extreme variations of financial returns. VaR and ES estimates based on the hypothesis of the normal distribution of returns must then be rejected and we need to compute them in the non-normal framework (EVT framework for example). Weekly and 2 weeks returns are respectively the sum of 5 and 10 daily logarithmic returns of assets and they do not overlap. The numbers in parentheses are the standard error. Kurtosis excess is the kurtosis minus three. For all returns, the kurtosis is greater than three meaning the distribution curves have fat tails. CAC 40, S&P 500 and Crude oil have skewed distributions. Wheat does not. The calculated p-values of Jarque Berra test are lower than chosen p-value and show our asset returns don't follow the normal distribution.
Estimate of the tail distribution parameters with the POT method
As we reject normality for the distribution of studied asset return series, we need to adequately fit the tail of the return distributions to estimate its risk parameters with EVT.
Modeling extremes can be done in two different ways: by modeling the maximum of a collection of random variables or by modeling the largest values over some high threshold, known as the Peak Over Threshold method. We use the latter as it uses data more efficiently.
Let (ܺ ଵ , ܺ ଶ , …, ܺ ) be a sequence of independent and identically random variables from unknown distribution F. We fix a sufficient threshold ‫.ݑ‬ Consider ܻ ଵ , ܻ ଶ , …ܻ as the excesses above this threshold where ܻ ൌ ܺ െ ‫.ݑ‬ Let us define the excess distribution above the threshold ‫ݑ‬ as the conditional probability:
For u large, the Gnedenko-Pickands-Balkema-deHaan theorem states that the distribution function converges to a generalised Pareto distribution. where ‫ܩ‬ క,ఙ is the generalized Pareto distribution and given by:
where ‫ݕ‬ 0 for ξ 0 and 0 ‫ݕ‬ െߪ/ξ for ξ ൏ 0.
The parameter ξ determines the shape of the distribution, and in particular the decay of the left tail or heavy tailed behaviour. The parameter σ is a scale parameter and the location parameter u will be the threshold value. The generalized Pareto distribution subsumes three other distributions under its parameterization. So, when shape parameter ߦ ൌ 0, we obtain a type 1 distribution (tails decrease exponentially) like the normal distribution. If ߦ ൏ 0, we have a type 2 distribution (tails are finite) like a beta distribution. For ߦ 0, we obtain a type 3 distribution (tails decrease polynomially) as student's t distribution. Assuming a GPD function for the tail distribution, analytical expressions for VaR and ES can be defined as a function of GPD parameters.
ܰ is the number of observations in the left tail and ܰ ௨ is the number of excesses beyond the threshold ‫.ݑ‬
The Expected Shortfall based on the GPD approach is defined as:
Conditional Generalized Pareto Distribution modelling
To take into account the volatility clustering in our studied assets we combine the POT method and GARCH model as first suggested by McNeil and Frey (2000) . GJR-GARCH type (Glosten, Jagannathan and Runkle, 1993 ) is used to model the conditional VaR. The advantage of this GARCH-EVT combination lies in its ability to capture conditional heteroscedascity in the data through the GARCH framework, while at the same time modeling the extreme tail behavior through the EVT method. GARCH models explicitly model the conditional volatility as a function of past conditional volatilities and returns. We assume that the dynamics of the return series follows the stochastic process of GJR-GARCH(1,1):
where ‫ܫ‬ ఌ షభ ൌ 0 if ߝ ௧ିଵ 0 and ‫ܫ‬ ఌ షభ ൌ 1 otherwise, that allows to take into account the sign of the residuals' disturbance. ߤ ௧ represents the conditional mean, ߝ ௧ the residuals, ‫ݖ‬ ௧ the standardized residuals, ߪ ,௧ ଶ the variance and ߙ , ߚ are the parameters of the estimation.
The combined approach, denoted as conditional GPD, has the following steps:
•
Step 1: Fit a GJR-GARCH model to the return data by quasi-maximum likelihood.
That is, maximize the log-likelihood function of the sample assuming normal innovations. Estimate ߤ ௧ and ߪ ,௧ from the fitted model and extract the standardized residuals ‫ݖ‬ ௧ .
• Step 2: Consider the standardized residuals computed in step 1 to be realizations of a white noise process, and estimate the tails of the innovations using extreme value theory. Next, compute the quantiles of the innovations.
• Step 3: Construct VaR from parameters estimated in steps one and two. VaR is computing with le same formula in Eq. (6). The conditional Expected Shortfall is given by:
where σ is forecasted volatility from GJR-GARCH modeling.
By first filtering the returns with a GJR-GARCH model, we essentially get i.i.d. series on which it is straightforward to apply the EVT technique. The main advantage of the conditional generalized Pareto distribution is that it produces a VaR which reflects the current volatility background.
3.2.Threshold choice for EVT
To apply the GPD, we need to choose a reasonable threshold ‫,ݑ‬ which determines the number of observations, ܰ ௨ , in excess of threshold value. The choice of the threshold ‫ݑ‬ is an important issue: on one hand, if ‫ݑ‬ is too high, it results in too few excesses and consequently high variance estimators and on the other hand, if ‫ݑ‬ too small, it provides biased estimators and the approximation to a GPD is not feasible. It is possible to choose an asymptotically optimal threshold by a quantification of a bias versus variance trade-off. So far, no automatic algorithm with satisfactory performance for the selection of the threshold u is available. For example, Gavin (2000) and Neftci (2000) arbitrarily chose to retain respectively 10 % and 5 % of the sample while McNeil and Frey (2000) use the mean excess plot. (ME plot), defined in the following way:
ሼሺu, e ୬ ሺuሻሻ, X ୬:
where X ଵ:୬ et X ୬:୬ are respectively the maximums and the minimums of the sample and ݁ ሺ‫ݑ‬ሻ, the sum of the excesses over the threshold ‫ݑ‬ divided by the number ‫ݑܰ‬ of data which exceed ‫.ݑ‬ It is necessary to note that the mean excess function (ME) of the generalized Pareto distribution is:
The sample mean excess function, which is an estimate of the mean excess function, should be linear. This property can be used as a criterion for the selection of u. We observe that for the CAC 40 and Wheat indexes, the curves become almost linear when the threshold ‫ݑ‬ is equal to 0.02. This threshold corresponds to small stock market variations and was also applied to S&P 500 and Crude Oil indexes. Once a threshold for time horizon is chosen, the parameters ሺߦ, ߪሻ of the GPD can be computed. 
Mean Excess plot
Different methods can be used to estimate the parameters of the GPD. In this paper we use the maximum likelihood estimation method. For a sample y = {y 1, ..., y n } the loglikelihood function L(ξ, σ | y) for the GPD is the logarithm of the joint density of the n observations : (15) We compute the values ξ and σ that maximize the log-likelihood function for the sample defined by the observations exceeding the threshold u. Table 2 presents the results of the estimation by the maximum likelihood method of the generalized Pareto distribution parameters, fitting the N u excess above the threshold ‫,ݑ‬ for each time horizon. These results correspond to the average of the parameters' estimations over 250 observations for a 1-day horizon, 157 observations for a 5-day horizon and 100 observations for a 10-day horizon of the stock and commodity indexes. For all asset returns, except the 10-day horizon for wheat, the estimated tail index ξ of generalized Pareto distribution is positive. Left tails of these return distributions are fat, i.e the probability of occurrence of extreme loss is higher than what the normal distribution predicts. However, for 10-day returns of Wheat, the average of the tail index is negative meaning these returns don't follow the normal distribution and the probability of occurrence of extreme loss is low. Table 2 Estimated parameters of GPD N is the number of observations in the left tail distribution, Nu is the number of observations that exceed threshold ‫.ݑ‬ (ߦ) and (ߪ) respectively correspond to the standard error of shape parameter and scale parameter. The positive value of shape parameter ߦ means the probability of occurrence of extreme losses is high. 
To validate the previous results, we have to test the adequacy of the estimated asymptotic distributions to represent the behavior of the extreme returns of the considered assets. For that purpose, we use a graphical tool and a statistical test.
Goodness of fit test
To test adequacy between the empirical distribution of a variable and the theoretical distribution which in our special case is the generalized Pareto distribution, we first use a simple graphical tool: Quantile to Quantile plot (QQ-plot). The alignment of the points of QQ-plot (Fig. 2) shows that the estimated parameter of the GPD at the threshold 0.02 describes the behavior of the excesses in the left tail for daily asset returns. 
This is asymptotically distributed as follows:
Where ‫ܨ‬ሺ‫ݕ‬ሻ and ‫ܩ‬ሺ‫ݕ‬ሻ represent the empirical distribution function and estimated function of the generalized Pareto distribution. The hypothesis regarding the distributional form is rejected if the test statistic D is greater than the critical value. Table 3 provides the statistics of Kolmogorov-Smirnov obtained from the left tails of both assets. The difference between the empirical distribution and estimated function of the GPD seems to be not significant for a 95 % confidence level because for all time horizons, the statistic D is lower than the critical value. From these results, the distribution of the extremes can be replaced by the estimated asymptotic laws because they have a relatively good fit with the empirical distributions of the tails. So, it becomes possible to estimate potential losses for the stock and commodity indexes in extreme market conditions. Table 3 Kolmogorov-Smirnov test
The calculated P-values and statistic value of Kolmogorov-Smirnov test allow replacing the empirical distributions of the tails by the generalized Pareto distribution.
Evaluating risk measure models accuracy
In this section, we backtest our risk models using the Kupiec (1995) 
Unconditional coverage test
be the number of days over a T period that the portfolio loss was larger than the VaR estimate, where ‫ܫ‬ ௧ାଵ is a sequence of VaR violations that can be described as:
We use a likelihood ratio test developed by Kupiec (1995) . This test examines whether the failure rate ߙ is statistically equal to the expected one. If the total number of such trials is T, the number of failure N can be modeled with a binomial distribution with probability of occurrence equaling ߙ. The correct null and alternative hypothesis are, respectively ‫ܪ‬ :
The appropriate likelihood ratio statistic is:
under ‫ܪ‬ of good specification. Note that this backtesting procedure is a twosided test. Therefore, a model is rejected if it generates too many or too few violations, but based on it, the risk manager can accept a model that generates dependent exceptions.
The Kupiec test doesn't indicate if the risk model underestimates or overestimates the risk losses. To remedy that, we apply the Wald test which is defined by its statistic z:
Where ߙ ෝ is the risk level estimated by the model, ߙ is the chosen risk level and T the size of retained backtesting window.
The hypothesis of unconditional coverage is rejected when statistic z is different from 0 or higher than the critical value of normal distribution associated with a certain confidence level.
If the statistic is raised and negative, it means that the considered model significantly overestimates the risk of the asset while a positive value indicates an underestimation of the risk. Statistic z equal to zero indicates that the real number of VaR violations is identical at the risk level fixed for the calculation of the VaR. In this last scenario, it is considered that the model reliably allows in estimating asset risk.
4.2.Conditional coverage test
The unconditional coverage test may fail to detect VaR measures that exhibit correct unconditional coverage but exhibit dependent VaR violations. So, we turn to a Christoffersen test, which jointly investigates if the VaR failure process is independently distributed through time. This test provides an opportunity to detect VaR measures which are deficient in one way or another. Under the null hypothesis that the failure process is independent and the expected proportion of violations is equal to ߙ, the appropriate likelihood ratio is:
Where ݊ is the number of observations with value ݅ followed by ݆, for ݅, ݆ ൌ 0,1 and 
Expected Shortfall backtesting
To backtest the ES forecasts, we calculate the average difference between the realized returns and the forecasted ES's, conditional on having a (negative) returns exceeding the corresponding VaR estimate.
The test statistic is defined as follows:
∑ ‫ܫ‬ ழோ , ௧ୀଵ
ሺ22ሻ
Given this formula, the negative value of the statistic indicates the underestimation of risk losses and the positive value, the risk losses' overestimation. ES measures are accurate when the value of the ܸ tends to zero.
We choose to test the risk models over 250 days for a 1-day horizon, over 157 weeks for a 5-day horizon and over 100 2-weeks for a 10-day horizon. This time window of 250 working days was recommended by the Basel committee as a backtesting window for the validation of internal models of market risk measure. Besides, in the document "Risk Management: In practical Guides" of the RiskMetrics group, this window is fixed at 90 days minimum to obtain significant results. These periods includes the time of the Lehman Brothers 5 bankruptcy corresponding to the bottom of the 2008 financial crisis.
Empirical results
Our empirical analysis differs from previous empirical research in two respects. First, most previous research has analyzed only VaR at the 95% and 99% confidence levels. To better reflect the extreme market conditions of this research we consider confidence levels for
VaR and ES of 95%, 99% and 99.5%. The accuracy of our measures is assessed using 5,216
observations for a 1-day horizon, 1,042 observations for a 5-day horizon and 499 observations for a 10-day horizon. Second, to take into account for market liquidity constraints and Basel Considering the unconditional EVT model, its backtesting results in Table 4 shows a slight underestimation of risk losses for our stock and commodity indexes at a 1-day horizon.
However, according to Wald, Kupiec and Christoffersen tests, the unconditional EVT model performs better over 5-day and 10-day horizons. The Expected Shortfall based on the EVT model is poor but less than that of the Historical Simulation method. That is, the ES (ES 6 test statistic in column (i.g) and (ii.g) of Table 4 ) underestimate the true potential losses beyond the VaR. The unconditional EVT model performs better in backtesting test than the unconditional Historical Simulation method. The EVT model has advantages to be modeled on the extreme left tail of asset returns. However, both models underestimate risk losses at a 1-day horizon. This underestimation can be explained in part by the presence of the clustering volatility. To take into account this clustering volatility, we introduce in our risk models the GJR-GARCH modeling to compute the conditional VaR and ES' measures. Moreover, this 6 The negative values of ES test statistic indicate the real losses are superior to the expected shortfall value. Embrechts et al. (2005) take the absolute of this statistic to appreciate the model accuracy. Don't take the absolute value make sense to know about model underestimation or model overestimation. GARCH type takes into account the sign of residuals disturbance which has an impact on the volatility. After taking into account volatility and asymmetric problems in our risk models, we backtest them in the same way as the previous unconditional risk models.
Turning to the conditional Historical Simulation (or Filtered Historical Simulation -FHS) method presented in Table 5 , we observe that while modeling heteroscedasticity improves performance, especially in terms of unconditional coverage ( Table 5 ) show that the conditional ES slightly underestimates risk losses.
However, it performs better than its unconditional estimate at a 1-day horizon. Table 5 Conditional risk models backtesting The risk models based on the Extreme Value Theory (EVT) are much more suited to risk measurement, especially in the conditional case (Fig.3) . Results for conditional EVT are Coming back to banking supervision in which the Capital adequacy Directive defined in 1996 concerning market risks is still in force today. Our calculated values of risk measurement have to be multiplied by the multiplicative factor: "Each bank must meet, on a daily basis, a capital requirement expressed as the higher of its previous day's value-at-risk number measured according to the parameters specified in this section and an average of the daily value-at-risk measures on each of the preceding sixty business days, multiplied by a multiplicative factor. The multiplicative factor will be set by individual supervisory According to the regulatory backtesting requirements, banks must calibrate VaR measures to daily profit and loss observations, and these VaR are predicated on a 99% confidence level. Backtesting must also be performed daily. If the number of VaR violations during the previous 250 business days is fewer than 5, the multiplier is 3; if the number of VaR violations is 5, the multiplier is 3.40, and so on; and 10 or more exceptions warrant a multiplier of 4. In this context and according to the backtesting results in Table 5 for our studied stock and commodity indexes, the conditional EVT model respects Basel II requirements (see fig.4 ). We observe that the number of exceptions using the conditional EVT model is 2 or 1, and that these are largely inferior to 5. Following this Basel rule, banks can choose a non accuracy model like FHS with the aim to optimizing their capital cushion. 
Conclusion
The estimation of the generalized Pareto distribution fitting the extreme returns allows us to bring to light the existence of fat tails. So, the risk of extreme loss on stock and commodity indexes is higher than the occurrence of expected gains. The study reveals that the tails index of the generalized Pareto distribution on returns are generally positive. These results particularly confirm the previous research results over 1-day horizon. We also find that these results are valid over 5-day and 10-day horizons. The last time horizon allows computing capital requirement over 10-day horizon.
Through backtesting procedures, the unconditional Historical Simulation fails to accurately measure risk losses on the studied assets (CAC 40, S&P 500, Wheat and Crude Oil). We observe strong underestimation of VaR and Expected Shortfall measures using Historical Simulation approach. Comparatively, the unconditional EVT model performs better at 5-day and 10-day horizons but less well at a 1-day horizon. For both the unconditional risk models, the number of VaR violations decreases when the confidence level increases. The underestimation also decreases when the time horizon rises.
We demonstrate in this study that introducing GJR-GARCH modeling in the EVT model to compute conditional VaR is more reliable for measuring financial risks in normal and abnormal market conditions. The backtesting results in panel (ii) of Table 5 show the accuracy of our conditional EVT VaR measures for all studied assets. We note, however, a strong overestimation for the Expected ShortFall measures based on the conditional EVT model. Even in the 2008 financial crisis, the conditional EVT model is more accurate and reliable for predicting the asset risk losses. We note the rules relating the capital multiplier to the number of exceptions are arbitrary, and there are concerns that the high scaling factor could discourage banks from developing and implementing best practices.
For future research, it would be interesting to broaden this study to multivariate EVT modeling by taking into account asset correlation problems. Modeling stress testing using EVT model is a challenging area in respect to the Basel III perspective.
‫ݖ‬௧ ାଵ ൌ ‫ݖ‬ ௧ ߪ ො ,௧ାଵ ሺ29ሻ
Simulated returns can be generated by:
Therefore, we can calculate desired VaR in Eq. (23) and ES in Eq. (24) for each simulated return series at chosen confidence level. For a complete discussion on the use of historical simulation approach for VaR estimation, you can see various articles such as Hendriks (1996) and Barone-Adesi et al. (2000) .
